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Abstract
We investigate the properties of the amplitude induced by the anomaly. In a
relatively high energy region those amplitudes are constructed by the vector meson
poles and the anomaly terms, in which the anomaly terms can be essentially evaluated
by the triangle quark graph. We pay our attention to the anomaly term and make
intensive analysis of the existing experimental data, i.e., the electromagnetic pi0 and
ω transition form factors. Our result shows that it is essential to use the constituent
quark mass instead of the current quark mass in evaluating the anomaly term from
the triangle graph.
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†Fellow of the Japan Society for the Promotion of Science for Japanese Junior Scientists
Much interests have been paid to the non-abelian anomaly because of its fundamental
property of quantum gauge theories. These kinds of anomaly are known to be caused
by the quantum effects of triangle fermion loops shown in Fig 1. Their amplitudes in
the low energy limit is known to be independent either of the higher order corrections
or of the internal fermion masses. On the other hand the asymptotic freedom of QCD
facilitates us to predict the hadronic amplitudes at extremely high energy region, where
again the triangle diagram becomes dominant. Indeed this triangle amplitude correctly
reproduces the high energy behavior obtained from the operator product expansion (OPE)
technique[1, 2], up to the ambiguity of the coefficient factor.
The important observation here is that the amplitudes induced by the anomaly are
constrained not only by the low energy theorem[3, 4, 5] but also by the high energy behavior
because of the asymptotically freedom, and therefore we may expect that the amplitudes
induced by the anomaly are essentially controlled by the triangle quark graph. The most
well-known example of the processes induced by the axial anomaly is pi0 → γγ. The
triangle quark amplitude reproduces the experimental data for this process excellently.
If we want to apply the anomaly induced amplitudes to the relatively higher energy
region, the non-anomalous contributions come in the process in addition to the anomaly
terms. Then the QCD corrections to this triangle graph becomes important. Especially
we have to take account of the following nonperturbative QCD effects: 1) chiral symmetry
breaking (generation of constituent quark mass); 2) confinement effects; 3) hadron contri-
butions. Our interest here is investigating the processes induced by the axial anomaly in
the high energy region.
In the separate paper[6], taking account of the above effects, we have proposed an in-
terpolating formula for the amplitude induced by the axial anomaly. There the amplitudes
are constructed by the “vector meson pole terms” and the “anomaly terms”, the latter
being essentially evaluated by the quark triangle graph of Fig. 1.
In this paper we pay our attention to the anomaly term and make intensive comparison
with the existing experimental data. The candidates for investigating the structure of this
triangle anomaly amplitudes are the pi0 transition form factors.
The result shows that, in addition to the vector meson poles, it is essential to use the
constituent quark mass instead of the current quark mass for the internal quark lines of
the triangle graph.
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Let us start with the following three-point function:
TAB,µνρ(p, q) = −i
∫
d4xd4ye−ik·y+ip·x 〈0|TjAν(x)jBρ(0)jµ5 (y) |0〉 , (1)
where q ≡ k−p, jµ5 is the axial-vector current which generally couples to Nambu-Goldstone
(NG) boson P : jµ5 = ψ¯T
Pγµγ5ψ, 〈0| jµ5 (0) |P (k)〉 = ikµfP, and jAν(x) and jBρ(0) are the
relevant currents, jAν = ψ¯QAγνψ with QA being the charge matrix of the quark field ψ.
Denote the amplitude the NG-boson pole removed as T̂AB,µνρ(p, q):
TAB,µνρ(p, q) = T̂AB,µνρ(p, q) +
fPk
µ
m2P − k2
T AB,νρ(p, q), (2)
where
T AB,νρ(p, q) = −i
∫
d4xe−ipx 〈0|TjAν(x)jBρ(0) |P (k)〉 . (3)
If one fixes the current jAν = jνe.m., the general form of this T AB,νρ(p, q) is given by[7, 8].
T AB,νρ(p, q) = − Nce
2
4pi2fP
tr
〈
TP
{
QA, QB
}〉
×
[
((p · q)gνρ − qνpρ)F (5)P (p2, q2) + (p2gνρ − pνpρ)G(5)P (p2, q2)
+ (p2qνqρ − (p · q)qνpρ)H(5)P (p2, q2) + εαβνρpαqβFP(p2, q2)
]
, (4)
where Nc(= 3) is the number of colors and we use the electromagnetic current conservation:
pνT
AB,νρ(p, q) = 0. We have normalized in such a way that FP(p
2 = 0, q2 = 0) = 1 (see
Eq.(10)). If we further set p2 = 0 (real photon), we have the electromagnetic transition
amplitude 〈P (k)| jBρ(0) |γ(p)〉, which is expressed in terms of the vector and axial form
factors FP(p
2, q2) and F
(5)
P (p
2, q2). In the case where the current jBρ(0) couples to the
photon or Z boson, the axial vector form factor vanishes, and only the term proportional
to εαβνρ remains. Thus the only anomaly term FP(p
2, q2) contributes to such processes. In
this paper, we consider this form factor FP(p
2, q2), which is directly related to the anomaly
part of this three-point amplitude.
To see how this form factor is incorporated to the anomaly term, we study the anoma-
lous Ward-Takahashi identity expressed as[9, 10]
∂µj
µ
5 = 2m0j5 +
e2
16pi2
FF˜ , (5)
where j5 is the corresponding pseudoscalar density: 2m0j5 ≡ 2ψ¯MTPiγ5ψ (M: the mass
matrix of the quarks). This leads us to
kµT
AB,µνρ(p, q) =MAB,µν(p, q) +
Nce
2
4pi2
tr
〈
T
{
QA, QB
}〉
εαβνρpαqβ , (6)
2
where
MAB,νρ(p, q) =
∫
d4xd4ye−ipx+ik 〈0|TjAν(x)jBρ(0)2m0j5(y) |0〉 . (7)
This amplitudeMAB,νρ(p, q), as well as the three-point function TAB,µνρ(p, q), contains the
NG-boson pole contributions. We extract the NG-boson pole contributions in both sides:[
kµT̂
AB,µνρ(p, q) +
fPk
2
m2P − k2
T AB,νρ(p, q)
]
=
[
M̂AB,νρ(p, q) +
fPm
2
P
m2P − k2
T AB,νρ(p, q)
]
+
Nce
2
4pi2
tr
〈
T
{
QA, QB
}〉
εαβνρpαqβ, (8)
where use has been made of 〈0| 2m0j5(0) |P〉 = m2PfP. Thus the transition amplitude for
NG-boson is obtained:
T AB,νρ(p, q) = 1
fP
[
kµT̂
AB,µνρ(p, q)− M̂AB,µν(p, q)
]
− Nce
2
4pi2fP
tr
〈
T
{
QA, QB
}〉
εαβνρpαqβ.
(9)
which is rewritten in terms of the invariant amplitude
T AB,νρ(p, q) = Nce
2
4pi2fP
tr
〈
T
{
QA, QB
}〉
εαβνρpαqβ
[
1− T (p2, q2, k2)
]
− Nce
2
4pi2fP
tr
〈
T
{
QA, QB
}〉
εαβνρpαqβ. (10)
From this expression we easily see that T (p2, q2, k2) corresponds to FP(p
2, q2) of Eq.(4).
It is well known that the triangle diagram containing fermion loops couples to vector or
axial vector currents leads to anomalies, and in the standard renormalization procedure the
gauge invariance guarantees that any higher order corrections do not modify the structure
of this anomaly.
So let us first calculate the quark triangle graph shown in Fig. 1 which is expected
to give the dominant contribution to the function T (p2, q2, k2) in Eq.(10). The result is
expressed as‡
T (p2, q2, k2)
∣∣∣
triangle
=
2
∑
i TiQ
A
i Q
B
i
tr 〈T {QA, QB}〉
∫
[dz]
m2i
m2i − z2z3k2 − z3z1p2 − z1z2q2
, (11)
with the Feynman parameter integral defined by
∫
[dz] ≡ 2 ∫ 10 dz1dz2dz3δ(1− z1− z2 − z3).
It is easy to see that in the low energy limit in which k2 = p2 = q2 = 0, this reduces to
T (p2 = 0, q2 = 0, k2 = 0)
∣∣∣
triangle
= 1, (12)
‡Here we restrict ourselves to neutral currents.
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Figure 1: The quark triangle anomaly graph
independently of mi. This is the expression that the anomaly term is exactly reproduced
by the lowest order triangle graph.
At this point, we should stress that the quark mass mi appearing in T (p
2, q2, k2) is
taken to be the constituent quark masses instead of the original current quark masses.
This reflects the most prominent feature of QCD: since the chiral symmetry has been
spontaneously broken and there appear NG-bosons, the quarks necessarily acquire dynam-
ical masses. This replacement never changes the value of the low energy limit, because
T (p2 = 0, q2 = 0, k2 = 0) = 1 independently of the quark mass (see Eq.(12)).
In the following we restrict ourselves to the pi0 case, where only the u and d quarks
come into play. Then jµ5 =
∑
i q¯iTiγ
µγ5qi, qi = (u, d), Ti = (1/2,−1/2), and 2m0j5 ≡∑
i 2m0iq¯iTiiγ5qi. The triangle graph contribution to T (p
2, q2, k2 = 0) is obtained as
I(p2, q2;m) ≡ T (p2, q2, k2 = 0)
∣∣∣
triangle
=
∫
[dz]
m2
m2 − z3z1p2 − z1z2q2 , (13)
where m (=mu ≃ md) is the constituent quark mass (of the u and d quraks).
If one photon is on its mass shell (e.g., p2 = 0), then the function I(p2, q2;m) reduces
to
J(q2;m) ≡ I(p2 = 0, q2;m)
= −m
2
q2
{ln √4m2 − q2 +√−q2√
4m2 − q2 −√−q2
}2 , (14)
which gives the pi0γ transition form factor. The high energy behavior of this function is
4
given by
J(q2;m) ⇒
q2≫m2
m2
q2
pi2 − (ln m2
q2
)2
− 2ipi ln m
2
q2
 . (15)
It is well known that, in the low energy limit, the higher order corrections do not
change the value of the three-point function induced by the anomaly in Eq.(1), or T (p2 =
q2 = k2 = 0) itself. However, QCD corrections do contribute appreciably to its higher
energy behavior. Especially nonperturbative QCD effects are alleged to take place: 1)
chiral symmetry breaking (generation of constituent quark mass); 2) confinement effects;
3) hadron contributions.
As we have mentioned below Eq.(12), we have already taken account of the effect
1) by replacing the current quark masses by the constituent masses of the quarks. The
next important QCD effects are represented as a rich hadron spectrum. As an average,
most part of those resonances with broad widths may be already involved by the above
replacement in the triangle contributions of Fig. 1.
However, one should further modify the functions I(p2, q2;m) and J(q2;m) due to the
effect 2). The graph in Fig. 1 shows the contribution of the qq¯ threshold at p2 = 4m2
(q2 = 4m2) from which an imaginary part emerges as shown in Fig. 2 (the dotted lines).
However, since the quarks are confined, the intermediate states are not multi-quark states
but actually multi-hadron states (2pi, 4pi, ... etc.). The above effect may be properly taken
into account by smearing out the original J(q2;m). Here we adopt the following function:
J˜(q2;m) ≡ −(ln(1 + x))
2
x
+
ln(1 + x)
x
+αx exp(−βx) + 2pii ln(1 + x)
x
exp
(
−λ
x
)
, x =
q2
m2
.
(16)
Both J and J˜ are shown in Fig. 2, where we take the parameter choice α = 1.4, β = 0.35
and λ = 2.5. From this figure, we see that the modified amplitudes J˜ are properly smeared
out. This form has been chosen so as to coincide with the original J (the dotted lines)
both in the high and low energy limits.
Finally, we must take account of the dominant hadron poles as the effect 3). Among
hadron spectrum, NG-bosons, which have been put in as elementary fields, are of course
most important. The next important poles are lowest energy bound states, i.e., the vector
mesons. This can be done by introducing the vector meson poles to the amplitude, where
we should be careful to include them to avoid the double counting and to satisfy the low
energy theorem Eq.(12).
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Figure 2: The QCD corrected-improved functions J˜(q2;m) (solid lines) comparing with
the original functions J(q2;m) (dotted lines), where we take the parameter choice α = 1.4,
β = 0.35 and λ = 2.5.
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Taking all the above mentioned corrections into account, we propose a probable ex-
pression of form factors. The pi0γ∗γ∗ transition form factor is§
Fpi0γ∗γ∗(p
2, q2) = κ1I˜(p
2, q2;m)
+ κ2
[{
Dρ(p
2) +Dω(p
2)
}
J˜(q2;m) +
{
Dρ(q
2) +Dω(q
2)
}
J˜(p2;m)
]
+ κ3
[
Dρ(p
2)Dω(q
2) +Dρ(q
2)Dω(p
2)
]
, (17)
where Dρ(p
2) and Dω(p
2) are the Breit-Wigner type propagators for ρ and ω mesons:
Dρ(p
2) =
m2ρ
m2ρ − p2 − i
√
p2Γρ
, Dω(p
2) =
m2ω
m2ω − p2 − i
√
p2Γω
, (18)
with Γρ and Γω being the widths of ρ and ω mesons, respectively. The weight of Dρ and
Dω has been chosen to be consistent with the flavor symmetry. Since the above form
factor should satisfy the low energy theorem, the normalization condition Eq.(12) gives
κ1 + 4κ2 + κ3 = 1 (note that Dρ(p
2 = 0) = Dω(p
2 = 0) = 1). This expression is most
elegantly derived in the framework of hidden local symmetry (HLS) (see, for a review,
Ref.[11]). In the following we use the parameters c3 and c4: c3 = 2κ3; c4 = 1 − κ1,
where c3 and c4 correspond to the terms appearing in the Lagrangian constructed in the
framework of HLS. Then of course, this form factor again satisfies the low energy theorem:
Fpi0γ∗γ∗(p
2 = 0, q2 = 0) = 1, independently of the parameters c3 and c4. This together with
the coefficient factor gγγpi = −e2/(4pi2fpi), excellently reproduces the experimental value
of the pi0 → γγ process: this is nothing but the expression of the low energy theorem.
In the high energy region, on the other hand, in addition to the J˜(q2;m) ∼ (m2/q2)
contribution, we have terms Dρ(q
2) ∼ m2ρ/q2 and Dω(q2) ∼ m2ω/q2. If one notices that
mρ ∼ mω ∼ O(m), it is easy to see that ρ and ω pole contributions have the same high
energy properties as I˜ and J˜ .
Now, we compare the above proposed form factor with the experimental data and
examine the q2 dependence of the anomaly terms I˜ and J˜ . To do this, we first determine
the parameter c3 and c4 from the experiment.
By setting p2 = 0 we have the pi0 electromagnetic transition form factor:
Fpi0γ(q
2) =
(
1− c3 + c4
2
)
J˜(q2;m) +
c3 + c4
4
{
Dρ(q
2) +Dω(q
2)
}
, (19)
§The function I˜ is obtained by the same procedure as J˜ .
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in which (c3 + c4)/2 is to be determined. The comparison of our formula with the experi-
mental data[12] indicates
c3 + c4
2
= 1.0. (20)
This value implies that the vector meson dominance (VMD) is almost realized in this
process. The result Eq.(20) implies that the q2 dependence of J˜ is not so important for
the pi0γ transition form factor, so far as we analyze the existing data (see Ref. [6]). So we
can not get the information of the function J˜(q2;m) from this process alone.
On the other hand, the vector meson form factors can also be obtained from our
formula. The expression for the ωpi0¶ transition form factor is given by extracting the
ω-pole contributions from Eq.(17) and by making proper normalization of the amplitude
we find
(case 1) Fω(q
2) = −c˜J˜(q2;m) + (1 + c˜)Dρ(q2), c˜ ≡ c3 − c4
c3 + c4
. (21)
where c˜ is to be determined. We take here m = mρ/2 (case 1). For reference, we examine
the case where we adopt the current quark mass m = m0 ≃ 5MeV in J˜(q2;m0) (case 2),
and the case in which the triangle anomaly term is taken to be a constant (case 3):
(case 2) F (m0)ω (q
2) = −c˜J˜(q2;m0) + (1 + c˜)Dρ(q2) , (22)
(case 3) FCω (q
2) = −c˜+ (1 + c˜)Dρ(q2) . (23)
The form factor of case 3 was often used in the extensive analysis of the form factors in
relatively lower q2 region (see, for example Ref.[13]).
Let us determine the value of c˜ for each case using the experimental data Γ(ω →
pi0µ+µ−). It is convenient to use the following expression:
Γ(ω → pi0µ+µ−)
Γ(ω → pi0γ) =
∫ (mω−mpi)2
4m2
µ
dq2
α
3pi
1
q2
(
1 +
2m2µ
q2
)√√√√q2 − 4m2µ
q2
×
(1 + q2
m2ω −m2pi
)2
− 4m
2
ωq
2
(m2ω −m2pi)2
3/2 ∣∣∣Fω(q2)∣∣∣2 , (24)
where q2 is the intermediate photon momentum (or invariant mass of final muons). The
experimental data[14] shows
Γ(ω → pi0µ+µ−)
Γ(ω → pi0γ) =
(9.6± 2.3)× 10−5
(8.5± 0.5)× 10−2 ≃ (1.1± 0.3)× 10
−3, (25)
¶We could also obtain the ρ0pi0 transition form factor. However, the branching ratio B(ρ0 → pi0γ)
(= (7.9± 2.0)× 10−4) is far smaller than B(ω → pi0γ) (= (8.5± 0.5)× 10−2). Moreover, no experimental
data for ρ0 → pi0γ∗ has been reported.
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which gives‖
(case 1) c˜ = 0.49+0.12−0.13, for Fω(q2),
(case 2) c˜ = 0.11+0.16−0.18, for F (m0)ω (q2),
(case 3) c˜ = 0.88+0.16−0.18, for FCω (q2). (26)
The average values for all the above cases show that the complete ρ meson dominance is
incapable of describing the ωpi0 form factor[15] (VMD corresponds to c˜ = 0, see Eq.(21)).
Now that we have found that the ωpi0 transition form factor receives appreciable contri-
butions from the anomaly term, we use the ωpi0γ∗ process to get the information on the q2
dependence of the anomaly term from the experimental data. The available experimental
data for ωpi0γ∗ lies in a relatively wide energy range (up to 1.4GeV). We use the value of
c˜ for each case obtained above, and compare the above three cases. The predicted curves
are shown in Fig. 3 (a) (b). In those figures the three data points around q2 = 0.4GeV2
are located far from the theoretical curves. We should remark that the deviation of the
above data points should not be taken seriously: because the above region corresponds to
the kinematical boundary, the event rate is very rare. As a result, the behavior of the form
factor strongly depends on the normalization uncertainty[15]. From Fig. 3 (a) (b) we find
that the form factor FCω (q
2) (case 3) can not reproduce the high q2 data, the theoretical
values are much larger than the data points. For the case 2 (F (m0)ω (q
2)) the suppression of
the form factor is too strong and the theoretical values are too small to fit the data points
in the high q2 region. On the other hand, aside from the three points mentioned above,
the improved form factor Fω(q
2) (case 1) is found to be in good agreement with the data
in the whole energy region. This successful result is owing to the triangle anomaly term
described by the modified function J˜(q2;m) in addition to the vector meson pole effect. In
particular, in the above analysis we have taken the constituent quark mass m = mρ/2.
One might wonder whether the above results depend on the smearing procedure of
the function J . To check this we show the curve obtained from the form factor with the
unsmeared function J in Fig .4. From this figure, we see that the smearing procedure does
not affect the value of the form factor so far as in the region where the experimental data
exists, although it does around the threshold (q2 ≃ 0.6GeV2).
In conclusion, the experimental data in a relatively wide energy range is found to be
reproduced very well by using the QCD corrected triangle amplitude as the “anomaly
‖The another solutions for c˜, for example, c˜ = −2.5± 0.1 (case 1), are excluded by experiments.
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term”. It must be stressed that the constituent quark mass plays an essential role in the
triangle anomaly term.
It is a common understanding that the low-energy effective Lagrangian for quarks and
gluons is described by the chiral Lagrangian in terms of the NG-bosons. Their anomaly
term has been introduced by the Wess-Zumino action[16, 17] in the effective Lagrangian.
Another way to incorporate the anomaly term is to introduce the quarks (to be more exact,
we should say “constituent quarks”) and gluon fields in place of the hadrons other than
NG-bosons in the chiral Lagrangian[18].
At extremely low energy limit, the above two effective Lagrangians work very well for
reproducing the phenomena and they are completely equivalent because the latter induces
the anomaly term via loop effects. This is the result of low energy theorem. If one wants
to apply the Lagrangian to nonzero but relatively lower energy scale, the vector mesons
should be properly included in the Lagrangian. So far as we examine the processes in
which the complete VMD is realized, the whole anomaly terms are replaced by the vector
meson pole terms. Indeed we have seen that the anomaly term disappears from the pi0γ
transition form factor and we cannot check the q2 dependence of the anomaly term from
this process. On the other hand, we have found that ωpi0 transition form factor, in which
the complete VMD hypothesis is not valid, recieves appreciable contributions from the
anomaly term. For such processes the above two approaches give different predictions.
Our result indicates that the WZ action alone cannot reproduce the experimental data
for the ωpi0 transition form factor in the relatively high enenrgy region, because the WZ
action gives the constant anomaly term. This is in remarkable contrast to the anomaly
term calculated from the QCD corrected quark triangle graph. In this sense our treatment
here may have somewhat similar spirit as the latter approach.
Also the high energy behavior of the anomaly term, with the usage of the constituent
quarks in the internal loop, seems to suggest the possibility that this anomaly term can be
applicable even to the phenomena in the extremely high energy region, say for examples,
Z → Pγ (q2 = m2Z) or W decay processes[2, 7, 8, 9, 10]. The processes induced by the
axial anomaly may yet provide us with the information on how to construct the effective
theory applicable to hegher energy regions.
We would like to thank Taichiro Kugo for comments and instructive discussions about
the property of the anomaly.
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Figure 3 (a) (b): The form factors in the energy range below 1.4 GeV: (a: case 1) the
improved form factor Fω(q
2); (b: case 2) F (m0)ω (q
2). The low energy data (Exp.1) is given
in Ref.[15], and the high energy data (Exp.2) is translated from the cross section data[19].
The values of c˜ are determined using Γ(ω → pi0µ+µ−) (see Eq.(26)).
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Figure 3 (c): The form factors in the energy range below 1.4 GeV: (c: case 3) FCω (q
2).
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Figure 4: The form factor in the energy range below 1.4 GeV using the unsmeared function
J(q2;m).
12
References
[1] G. Lepage and S. Brodsky, Phys. Lett. B87, 359 (1979).
[2] A. Manohar, Phys. Lett. B244, 101 (1990).
[3] S. Adler, Phys. Rev. 177, 2426 (1969).
[4] J.S. Bell and R. Jackiw, Nuovo Cimento 60, 37 (1969).
[5] S. Adler and W. Bardeen, Phys. Rev. 182, 1517 (1969).
[6] M. Bando and M. Harada, KUNS-1209, HE(TH) 93/06, (1993).
[7] B. Guberina, J.H. Ku¨hn, R.D. Peccei and R. Ru¨ckl, Nucl. Phys. B174, 317 (1980).
[8] L. Arnellos, W.J. Marciano and Z. Parsa, Nucl. Phys. B196, 378 (1982).
[9] K. Hikasa, Mod. Phys. Lett. A5, 1801 (1990).
[10] N.G. Deshpande, P.B. Pal and F. Olness, Phys. Lett. B241, 119 (1990).
[11] M. Bando, T. Kugo and K. Yamawaki, Phys. Rep. 164, 217 (1988).
[12] CELLO Collaboration, Z. Phys. C49, 401 (1991).
[13] A. Bramon, A. Grau and G. Pancheri, Phys. Lett. B277, 353 (1992).
[14] Particle Data Group: Review of Particle Properties, Phys. Rev. D45, (1992).
[15] R.I. Dzhelyadin, et al., Phys. Lett. B102, 296 (1981).
[16] J. Wess and B. Zumino, Phys. Lett. B37, 95 (1971).
[17] E. Witten, Nucl. Phys. B223, 422 (1983).
[18] A. Manohar and H. Georgi, Nucl. Phys. B234, 189 (1984).
[19] S.I. Dolynsky, et al., Phys. Lett. B174, 453 (1986).
13
